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We give a detailed description of the generators of those strongly continuous 
quantum dynamical semigroups which possess a pure stationary state or an 
associated extension property. 
1. INTRODUCTION 
If F-(Z) is the Banach space of trace class operators on a Hilbert space X, 
we define a dynamical semigroup Tt on 9’(Z) to be a strongly continuous 
one-parameter semigroup of completely positive contractions on F(Z). The 
adjoint operators Tr on .9’(X) define an ultraweakly continuous one-parameter 
semigroup of normal completely positive contractions on Z(X), and every 
such semigroup on 2’(Z) is the adjoint of a dynamical semigroup on F(Z). 
If T, is norm continuous a complete analysis of the form of its (bounded) 
infinitesimal generator W was given by Lindblad [14]; in fact he studied W* 
but this is only a matter of technical convenience. In this paper we make sub- 
stantial progress toward the classification of the generators IV of strongly 
continuous dynamical semigroups T, , under the assumption that T, possesses 
a pure stationary state, that is, 
for some unit vector Q E X and all t >, 0. Equivalently we assume that i Sri (D / 
lies in Dom (IV) and that 
W{l Q) <Q I> = 0. (1.2) 
The physical necessity for such an assumption is unclear and in Section 4 
we replace it by an extension property, which may possibly always be satisfied. 
We follow as far as possible the notation of [3], to which this paper is comple- 
mentary. A proof of the following proposition of Ingarden and Kossakowski [lo] 
may be extracted from Theorem 3 of [7]. See also [8, Ill. 
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PROPOSTION 1.1. There exists a strongly continuous one-parameter contraction 
semigroup C, OH SF such that 
Cf(XQ) = (T;X)R (1.3) 
for all X E L?(S) and f 2, 0. 
We comment that the strong continuity of C, , its weak continuity, and the 
the strong continuity of CF are equivalent by [2, p. 1031. If the infinitesimal 
generator of C, is Y, then that of CF is 1.“. We define the dynamical semigroup 
S, on F(Z) by 
s,p = c,pc: (l-4) 
for all p E F(Z) and t 3 0. 
LEMMA 1.2. The vector Q lies in tlze domains of I’ and Y*, and 
I's2 = Y"f2 = 0. 
Proof. If t > 0, then 
(1.5) 
(C;Q, Q) = (T:( l)J2, Q> 
= WTi’l1) I WG’ II 
= tr[Td WC-Q I>1 
= 1. 
Since C, is a contraction 
c&2 = c:sz = Q 
for all t > 0. Differentiation yields Eq. (1.5). 
2. THE NORM CONTINUOUS CASE 
In this section we suppose that Tt is a dynamical semigroup on F(Z) satis- 
fying the following hypothesis: 
I. Tt is norm continuous and possesses a pure stationary state / Q) (Sz I. 
Although our results below can be derived from Lindblad’s theorem [14], 
we follow a method which extends to the strongly continuous case, which is 
treated in Section 3. 
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LEhlMA 2.1. Under hypothesis I the operators Y and I’* are bounded. 
Proof. If z,A E 2 and X = j $ j ;:Q 1, then 
= 1;1? (t-1( T,*X - X&Q 
= (w*x)i2. 
Since E’* is closed and has domain equal to A?, it is bounded. 
LEMMA 2.2. The bounded linear map J on F(p) dejined by 
Tf’(p) = I’p + PI-” f- J(p) (2.1) 
is completely positive. 
Proof, If X,, , X, E L?(x) and Xi is invertible, then 
T,*(X;X,) > T,*(X,*X,) T:(X;X&l Tfr(X,*X,) 
for all t 3 0 by [6, 131. Differentiating at t = 0 and replacing X,, by X,X, yields 
Using Eq. (1.2) we now obtain 
(w”(x:xl) X,Q, X,Q) 
3 (XJ2, Y*x,*x;x”f2) + (Y*x;“x~x& X,sz). 
Putting # = X,-C? and A = X,*X, yields 
for all y5 E % so that 
W*(A) > AY + Y*A 
for all invertible ,4 > 0 and hence all A > 0. Thus J* and hence J are positive. 
Complete positivity follows in the usual manner. 
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THEOREM 2.3. If Tt satisjies hypothesis I, its generator W is of the form 
W(P) = Y> + pY* + f B,pB,*, (2.2) 
n=1 
where 
YQ = Y*Q = B S2 = 0 n 
for all n and 
Y+ Y*+ f B,*B,~o, (2.3) 
?I=1 
the sum converging in the strong operator topology. 
Proof. Since J* is normal and completely positive, it has the form 
J*(X) = f B,*XB,, , (2.4) 
n=1 
where B, E .!Z(.P) and x B,,B$ is strongly convergent [2, p. 140; 121. This 
yields Eq. (2.2). By Eqs. (1.2) and (1.5) 
f B, 1 L’)(Q I B,* = 0 
n=1 
so B,& = 0 for all n. Finally since 
for all t > 0 
w*(l) < 0 
which is equivalent to Eq. (2.3). 
The following corollary will be used in Section 3. 
COROLLARY 2.4. If Tt satisjes hypothesis I and r: Y-(Z) ---f T(S) is dejned 
b 
then 
7r(p) = (Y - 1)-l p( Y* - I)-‘, (2.5) 
II TP-P - 4~P II < 4t II P II (2.6) 
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for all p E F(X) and t > 0. Moreovm 
Ttp 3 Stp > 0 
for all p E Y(X)+ and t > 0. 
Proof. The positive linear map Jr = Jr on F(X) has norm 
(2.7) 
II J1 II = II J; II = II J;Wl 
= 11 (Y - 1)-l (z BZB.) (Y* - 1)-l 1) 
6 //(Y - I)-‘(Y + Y*)(Y* - 1)-l 11 
by Eq. (2.3). The estimate 
jl(Y - 1)-l 11 = 11 Srn C,e-” dt /( G 1 
0 
combined with simple algebra yields 
Now the perturbation theory of semigroups [2, p. 93 implies that 
Tt = S, + [” T,-, JS, ds (2.8) 
so 
II TFP - St4 < f t II T,-,JS,np II ds s=0 
= 
i 
t II Tt-,Jd’p II ds 
S=O 
as required. Equation (2.7) is an immediate consequence of Eq. (2.8) and Lemma 
2.2. 
3. THE STRONGLY CONTINUOUS CASE 
In this section we suppose that Tt is a dynamical semigroup on F(S) satis- 
fying the following hypothesis. 
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II. Ti has a pure stationary state 1 .Q> (Q 1 and satisfies 
T:{%‘(&)} C g’(X) 
for all t > 0, where K:(Z) is the set of compact operators on A?. 
LEMMA 3.1. Undo hypothsis II one has 
II T~TP - Strp II d 4t II P II 
for all p E F(Z) and t > 0. Moreover 
(3.1) 
Ttp 3 Stp 3 0 (3.2) 
for all p E F(X)+ and t > 0. 
Proof. Given E > 0 we let Ttc be the norm continuous dynamical semigroup 
on F(s) given by 
T,<p = e-‘-It : (n!)-l .cVT,,p 
Tl=O 
with the bounded generator 
W = e-‘(TE - 1). 
Noting that I Srj (Q / is a stationary state for Tt’, we label all the associated 
operators constructed by the method of Section 2 with an E. Note in particular 
that 
C; = e-t-Q f (n!)--1 l -ntnCEn . 
Tl=O 
If p E F(Z) and we define 
ute = T,‘rrcp - &‘n’p 
and 
then 
ut = T,rrp - &xp, 
$5 I/ ut( - ut I/ = 0 
so 
II ut II G 4t II P II 
by Corollary 2.4 Equation (3.2) is deduced similarly from Eq. (2.7). 
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In order to prove Lemma 3.3 we need the following proposition, which is a 
small variation of Theorem 10.7.2 of [9]. See also [5]. 
PROPOSITION 3.2. If Tt is a strongly continuous one-parameter semigroup of 
weak*-continuous contractions on a Banach dual space 9?*, then the domain of the 
infinitesimal generator W is 
PO = {p E B*: lim inf t-l 11 T,p - p I/ < KI]-. 
t-0 
We return now to the problem at hand, putting g = e(Z) so that a* may 
be identified with F(Z). 
LEMMA 3.3. The domain of W contains 
22 = r@-(q). (3.3) 
Proof. Hypothesis II implies that each operator Tt is weak* continuous so 
we need only prove that 9 _C Bo. By inspection 9 is contained in the domain 
of the infinitesimal generator 2 of S, which is formally 
zp = Yp + pY” 
so 
lim&f t-l 11 S,p - p I/ < 03 
for all p E%. By Lemma 3.1 if p EB, then 
t-l II T,P - P II < t-ill &P - P II + 4 II n-'P II 
so 
lim+rrf t-l 11 T,p - p 11 < m. 
THEOREM 3.4. If Tt satisfies hypothesis II, then 
Wp = I’p + pY* + f B,pB; 
?I=1 
for all p E 9, where B, are linear maps from Dom( Y) to z?’ such that 
for all n. Moreover 
YQ = Y*Q = B Q 12 = 0 
Y+Y*+ f B~*B,GO 
7I=l 
(3.4) 
(3.5) 
(3.6) 
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in the sense that 
(3.7) 
for all 4 E Dom( Y). 
Proof. If p E y(X), then 
= 1:~ t-l(T,7~p - 57~) - ljz t-l(S,7rp - 7~p) 
= w7rp - Y(Trp) - (7rp) y*. 
The first line of this equation and Eq. (3.2) imply that Jr is positive, and hence 
bounded by [2, p. 171. The complete positivity of Jr follows in the usual manner. 
Since 1: is normal and completely positive on Z(X), it is of the form 
J,*(X) = f C,*XCT‘ 
n=1 
where C, E L?(Z) and x CZC, is strongly convergent. Therefore 
where 
/l(p) = C &(~~rp) Bit 9 
B, = C,(Y - 1) 
are linear operators from Dom Y into 2. Since Tt is a contraction semigroup 
on r(*), 
WVp)l G 0 
for all p E 9. Putting p = 14,~ c’$ 1 w rh ere d, E Dam(Y) and using Eq. (3.4) 
yields Eq. (3.7). Finally by Eqs. (1.2) and (1.5) 
0 = x B, 1 G>(Q 1 B,* 
so B,Q = 0 for all n. 
4. THE EXTENSION PROPERTY 
All our results so far depend on the hypothesis that Tt possesses a pure 
stationary state 1 Q) (Q I. In this section we consider a related extension property. 
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III. We say the dynamical semigroup Tt on Y’(2) has the extension property 
if for every dynamical semigroup T: on Y(&“‘) where dim 2’” < co there 
exists a dynamical semigroup Ti on Y(Z), where Z’ = % @ H’, 
such that 
for all t > 0, p E Y(X), p” E 9(2”). 
THEOREM 4. I. If Tt has the extension property III and 
for all t G; 0, then there is a strongly continuous one-parameter contraction semigroup 
C, on SF with infinitesimalgenerator Y, and operators B, : Dom Y + X, such that 
52 = {(Y - 1)-l p( Y* - 1)-l: p E Y(X)} (4.2) 
is contained in the domain of the infinitesimal generator W of Tt . Moreover 
for all 4 E Dom( E’) and 
W(p) = E’P + pY* + f &,pB,* 
TZ=l 
(4.4) 
for all p E 9. 
Proof. \Ve let A?’ = @ and Tl = 1 for all t 3 0. We suppose Ti is a 
dynamical semigroup on 9-(X”) of the type given in hypothesis III. If Q = 0 @ 1, 
then 1 Q) ,<Q 1 is a pure stationary state for Ti . From Eq. (4.1) and the positivity 
of Ti one can deduce that 
T,‘*{%‘(X)} C %‘(X”) 
for all t > 0, so that Theorem 3.4 is applicable. 
Since 
C’Q YYz C’qJ = Q t t 
for all t > 0, it follows that 
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for all t > 0. Therefore Y’, (Y’ - 1)-l, and B, leave the subspace AC invariant. 
This completes the proof. 
It is rather interesting that Theorem 4.1 has a partial converse. 
THEOREM 4.2. Let T, be a dynamical semigroup on F(X) with generator IV 
and let C, be a contraction semigroup on X with generator Y. Let 9 be given 6y Eq. 
(4.2) and let TV be given by Eq. (4.4) f or all p E 9, where B, are linear operators 
from Dom Y to SF satisfying Eq. (4.3). If W is the closure of its restriction to Q, 
then Tt has the extension property III. 
Proof. Let T; be a dynamical semigroup on F-(2”) where dim(.F”) < co. 
By Lindblad’s theorem [14] its generator IV” is of the form 
W”(p) = Y”p + pY”* + f B;pB;*. 
n=1 
If X, X” are operators on JF, P, we denote by x’ the operator [,” $-I on A?‘. 
We can then consider the evolution equation 
where 
Wlp = YIP + pY’* + f B;pB;*. 
VZ=l 
(4.6) 
By [3] there is a dynamical semigroup Ti on T-(2’), called the minimal solution 
of Eq. (4.9, whose infinitesimal generator IV is given by Eq. (4.6) on the domain 
9’ = Tr’{.9-(A?‘)f 11 [Y ,f(] : p E 9-(H), p” E 9-(XN)/. 
Since W’p = Wp for all p ~9 and W is the closure of its restriction to 9, 
1~ is an extension of W. Therefore 
for all p E F(x) and t > 0. Similarly 
for all p E F(Z?“‘) and t > 0. 
T Tl'p" if" = 
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5. DISCUSSION 
We note that Theorems 4.1 and 4.2 are not quite converses of each other 
since Theorem 4.1 requires the invariance of F??(s) under TF, while Theorem 
4.2 requires that W be the closure of its restriction to 9. 
Although the invariance of c(Z) is needed in order to be able to apply 
Lemma 3.2, which is not true without some duality restrictions, we conjecture 
that Theorems 3.4 and 4.1 do not require this invariance assumption. In any 
case V?(P) is frequently invariant for the following reason. 
If T, and Fi are dynamical semigroups on F(Z) such that 
for all t 3 0 and p, o E F(Z), then 
T,?(u) = Vt(u) 
so 
TW-W)} C 9-W). 
Since F(X) is dense in V(X) for the operator norm and TT is bounded, 
for all t 3 0. Note that if Tt has generator 
then the generator 2 of Vt is formally 
Z(u) = I’*a + ok‘ + c B;uB, . 
Concerning the condition that TV be the closure of its restriction to 9 we 
note that there are examples where this is not the case [3]. It is shown in [3] that 
the evolution equation (4.5) then has infinitely many different solutions, cor- 
responding to different reentry laws from infinity in the language of probability 
theory. A complete classification of the generators of dynamical semigroups 
must therefore contain something analogous to the boundary theory of Markov 
processes. 
We finally comment that we do not know whether the extension property III 
is satisfied for all dynamical semigroups. If not, then one might try to justify 
it physically along the same lines as for complete positivity [12, 141. 
432 E. B. DAVIES 
REFERENCES 
1. E. B. DAVIES, Quantum stochastic processes II, Comm. Math. Phys. 19 (197(l), 83-105. 
2. E. B. DAVIES, “Quantum Theory of Open Systems,” Academic Press, New York, 1976 
3. E. B. DAVIES, Quantum dynamical semigroups and the neutron diffusion equation, 
Rep. Math. Phys. 11 (1977), 169-188. 
4. E. B. DAVIES, Irreversible dynamics of infinite fermion systems, Comm. Math. Phys. 
55 (1977), 231-258. 
5. E. B. DYNKIN, “Markov Processes,” Vol. 1, Springer, New York, 1961. 
6. D. E. EVANS, Positive linear maps on operator algebras, Comm. IMath. Phys. 48 
(1976), 15-22. 
7. D. E. EVANS AND J. T. LEWIS, Some semigroups of completely positive maps on the 
CCR algebra, J. Functional Analysis, to appear. 
8. A. FRIGERIO, Quantum dynamical semigroups and approach to equilibrium, preprint, 
1977. 
9. E. HILLE AND R. S. PHILLIPS, “Functional analysis and Semigroups,” Vol. 3 1, Amer. 
Math. Sot., Providence, R. I., 1957. 
10. R. S. INCARDEN AND A. KOSSAKOWSKI, On the connection of nonequilibrium informa- 
tion thermodynamics with non-Hamiltonian quantum mechanics of open systems, 
Ann. Physics 89 (1975), 451-485. 
11. A. KO~Z,AKOWSKI, A. FRIGERIO, V. GORINI, AND M. VERRI, Quantum detailed balance 
and KMS condition, preprint. 
12. K. -AUS, General state changes in quantum theory, Ann. Physics 64 (1971), 31 l-335. 
13. E. H. LIEB AND M. B. RUSKAI, Some operator inequalities of the Schwarz type, 
Advances in Math. 12 (1974), 269-273. 
14. G. LINDBLAD, On the generators of quantum dynamical semigroups, Comm. Math. 
Phys. 48 (1976), 119-130. 
